High resolution fatigue crack growth analysis of crack closure and slip irreversibility using digital image correlation by Pataky, Garrett J.
  
 
 
 
HIGH RESOLUTION FATIGUE CRACK GROWTH ANALYSIS OF CRACK CLOSURE 
AND SLIP IRREVERSIBILITY USING DIGITAL IMAGE CORRELATION 
 
 
BY 
GARRETT JAMES PATAKY 
 
 
 
 
THESIS 
Submitted in partial fulfillment of the requirements 
for the degree of Master of Science in Mechanical Engineering 
in the Graduate College of the 
University of Illinois at Urbana-Champaign, 2011 
 
 
Urbana, Illinois 
 
 
 Adviser: 
  Professor Huseyin Sehitoglu 
ii 
 
 
Abstract 
 Crack closure and slip irreversibility in the fatigue crack growth of 316L stainless steel 
were investigated using digital image correlation (DIC).  A polycrystalline and a [001]  oriented 
specimen were tested to study mode I fatigue crack growth, while [111]  oriented specimens were 
used to study mixed mode (I and II) fatigue crack growth.  DIC was used to determine the crack 
growth rates and crack tip displacement fields during the fatigue loading cycles.   
 During this study, a least-squares regression algorithm using the vertical and horizontal 
displacements was developed, and the stress intensity factors, KI and KII, and the T-stress for the 
isotropic and anisotropic cases were determined.  To further scrutinize the crack closure in both 
modes I and II, two-point digital extensometers were placed along the crack flanks.  Crack 
opening displacement profiles were used to identify the loads at which each mode opened.  The 
crack closure levels were compared between the polycrystalline and the two [111]  oriented 
specimens. 
 Plastic zones associated with the fatigue crack growth were determined for all specimens 
using an anisotropic yield criterion.  The strains in the plastic zone obtained from digital image 
correlation were investigated in detail and a dependence on the crystallography and load ratio R 
was observed.  Slip irreversibility in front of the crack tip was measured and showed an 
increasing trend with increasing crack length; this information is critical for describing the crack 
growth behavior. 
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Chapter 1. Introduction 
1.1 Background Motivation 
 
Fatigue crack formation is unavoidable in many engineering components in all industries.  
These fatigue cracks are formed through repeated cyclic loading experienced during normal 
operations.  In order to minimize the costs associated with constant inspection of these 
components, there has been much focus on safe operation with fatigue cracks present.  One such 
program implemented by the Air Force is the damage tolerant design which aims to reduce 
maintenance and part replacement by determining acceptable crack lengths before repairs can be 
made (Reddick Jr 1983).   
The use of fracture mechanics over the past few decades has led to an improved 
understanding of fatigue crack growth.  This has allowed for more accurate predictions of the 
rate of crack growth to extend the usable life of components and still allow replacement before 
failure.  Forsyth determined that there were two distinctive stages of fatigue crack growth 
(Forsyth 1963).  During Stage I, there is a large dependence on the microstructure and typically 
occurs within a single grain.  The crack begins Stage II growth once it has extended over 
multiple grains.   This stage is dominated by the global loading conditions.  Application of the 
Paris Law in conjunction with crack closure has been widely used to predict the crack growth 
rates in both stages.  This method is able to account for mixed mode loading, and since it 
includes crack closure, it is able to accurately predict the fatigue crack growth rates over a 
variety of loading conditions.  This limits the amount of conservation necessary in design, thus 
reducing manufacturing costs.   
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Other methods of determining the fatigue crack growth rate have focused on the strain 
accumulated ahead of the crack tip.  The unrecovered strain during a fatigue cycle is an accurate 
measure of the amount of slip irreversibility.  Several relations have been developed that relate 
slip irreversibility to the fatigue crack growth rate.  The difficulty involved with using these 
relations is finding quantitative values of the slip irreversibility.  Although there are techniques 
to measure crack closure and the slip irreversibility during fatigue crack growth experiments, a 
method to quickly and accurately measure both in the same experiment would be ideal. 
1.2 Problem Description 
 The aim of this thesis was to provide greater insight into the development of crack 
closure and slip irreversibility during both Stage I and Stage II fatigue crack growth.  As 
previously stated, a method to measure the crack closure during a fatigue crack growth 
experiment and have the ability to measure the strain ahead of the crack tip in the same fatigue 
cycles was desired.  To study both Stage I and Stage II fatigue crack growth, single crystal and 
polycrystalline specimens were utilized in fatigue crack growth experiments.   
 Since Stage I is dependent on the crystallography of the grain, different orientations will 
yield different fatigue crack growth results.  This is due to the variation of active slip systems.  
Certain orientations, such as the [111], will form cracks that grow at an angle introducing mixed 
mode loading conditions.  This created interest in the effects that the addition of mode II loading 
has on fatigue crack growth.   
 Along with the polycrystalline specimen, two different crystallographic single crystal 
orientations were chosen for the study; one which produced pure mode I cracks and one which 
produced mixed mode cracks.  These specific orientations were used to determine what effects 
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mixed mode loading had on crack closure and the slip irreversibility.  The load ratio, R, was also 
varied for two of the specimens tested to understand the effects a compressive load had on the 
fatigue crack growth.  The fatigue crack growth rates, stress intensity factors, and slip 
irreversibilities were compared to the results of the polycrystalline specimen.   
1.3 Research Contribution 
There are four major outcomes from this research.  Digital image correlation was employed 
to measure the crack tip displacement fields in each of the specimens throughout the fatigue 
crack growth experiment.  The most important development is a least-squares regression 
algorithm that uses the experimentally measured displacement fields to determine the stress 
intensity factors and T-stress without any influence from the rigid body rotation or translation.  
The algorithm is designed to be used for both anisotropic, the single crystal specimens, and 
isotropic, the polycrystalline specimen, specimens and is able to handle mixed mode (I and II) 
fatigue cracks.  As an addition to the algorithm, an anisotropic yield criterion is utilized to find 
the plastic zone for each of the specimens and plotted with the experimentally found and 
modeled displacements.  This provided insight into the effects that anisotropy and mixed mode 
loading have on the plastic zone size and shape.  Thirdly, the strains in front of the fatigue crack 
tip are measured in three locations during the fatigue cycle (minimum, maximum, and then 
minimum again) and the slip irreversibility is quantitatively determined.  The trends of slip 
irreversibility development are found as a function of crack length for both single crystal 
orientations and the polycrystalline specimen.  Lastly, two-point digital extensometers are placed 
along the crack flanks during selected fatigue cycles and the crack closure is found along the 
entire crack length starting at the crack tip.  Using each of these techniques, a greater 
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understanding of how fatigue crack growth is affected by different crystallographic orientations 
and mixed mode loading is found. 
1.4 Thesis Outline 
This section will provide an overview of each chapter of the thesis.  Chapter 2 is a literature 
review which will focus on the historical studies of fatigue crack growth.  The discovery of crack 
closure will be discussed as well as the effects of mode II loading on fatigue cracks.  A 
discussion about the importance of the plastic zone size and shape, and how slip irreversibility is 
related to fatigue crack growth is also included.  Chapter 3 will introduce the materials 
experimented on during the research.  This chapter will also present the equipment used during 
the fatigue crack growth tests and a short presentation about the digital image correlation (DIC) 
technique.  Chapter 4 contains information about the analysis tools and techniques developed 
during this study.  The anisotropic least-squares regression algorithm and the yield criterion used 
to find the plastic zones will be explained.  The final section of this chapter is based on the two-
point digital extensometers used when finding the levels of crack closure.  Chapter 5 contains the 
fatigue crack growth results obtained using the crack tip displacements and the anisotropic 
regression.  This chapter also deals with the crack closure levels found in each experiment.  The 
plastic zone sizes and shapes and the slip irreversibility measured during selected loading cycles 
for each specimen are presented in Chapter 6.  Conclusions and future work are given in Chapter 
7.  
Equation Chapter (Next) Section 1 
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Chapter 2. Literature Review 
 
Fracture mechanics has shown that the stress and displacement fields around the crack tip 
singularity are important for describing the crack driving forces.  In 1957, Williams first 
determined the stress fields around a crack tip in an elastic, isotropic body using an infinite 
power series and found the first term to be of the order r
-1/2
 where r is the radial distance from the 
crack tip. The T-stress term is the second term in this expansion (Williams 1957).  Sih et al. used 
a similar analysis for an anisotropic body and solved the general equations for those crack tip 
stresses, finding the stress singularities to be of the same order (Sih, Paris et al. 1965).   Both of 
these solutions consider mode I, mode II, and antiplane or mode III loading. 
Crack initiation during fatigue typically begins along an active slip system in a single 
grain within a polycrystalline material; this active slip system corresponds with the plane of 
maximum applied shear stress.  This shearing crack growth is referred to as mode II.  After some 
growth, the crack tends to turn towards the plane of maximum tensile stress or mode I growth 
(Liu 1985).  This process is highly dependent on crystallography, and thus single crystals are 
utilized to study early crack growth in the present work.  Using single crystals also removes 
grain boundaries and their effects on fatigue crack growth. In an FCC material, such as the 316L 
stainless steel used in this study, knowledge of the slip planes enables the use of certain 
orientations to achieve desired testing conditions, for instance using a [111]  oriented crystal 
allows growth at an angle in a mixed mode fashion.  
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2.1 Fatigue Crack Growth and Crack Closure 
 In the early 1960s, Paris presented a power law relationship which related the cyclic 
loading found during fatigue to the crack growth rate.   
 
mda C K
dN
 (2.1) 
This Paris law is based on the difference in the maximum and minimum stress intensity factors 
where max minK K K , C is the Paris coefficient, and m is the Paris exponent.  The Paris 
exponent has been found to be between 2 and 8 for most engineering alloys (Suresh 1991).  The 
Paris law has become the most common relationship used when describing fatigue crack growth 
behavior. 
 Upon further inspection of fatigue cracks, it was observed that the crack will remain shut 
for a portion of the loading cycle.  The first phenomenon discovered to explain this behavior was 
roughness-induced crack closure in 1963 (Christensen 1963).  Shortly after, Elber revealed the 
existence of plasticity-induced crack closure (Elber 1970; Elber 1971).  Material which has been 
plastically deformed as the fatigue crack advanced creates a plastic wake which promotes crack 
closure.  Using this knowledge, the Paris law was modified to account for the portion of the 
loading cycle during which the crack was closed 
 
m
eff
da C K
dN
 (2.2) 
where effK is the difference between the maximum stress intensity factor and the stress intensity 
factor of the load at which the crack opens, max closK K . 
7 
 
 Several other crack closure phenomena have been identified as well.  In moist 
environments or at high temperatures, when the crack flanks are freshly exposed, oxidation can 
occur and cause oxide-induced crack closure.  The reduction of the K level or load ratio, R, 
after a crack has formed can cause the crack growth to retard.  This is referred to as transitional 
crack closure.  If a phase transformation occurs during the fatigue crack growth, the volume 
increase could produce transformation-induced crack closure.  At the microstructural level, grain 
boundary crack closure can occur when the crack grows into a less favorably oriented or stiffer 
grain. This form of crack closure is unique since it is due to the material in front of the crack tip, 
unlike all the previous phenomena which are based on effects of the crack wake (McEvily 1988). 
 After the discovery of crack closure, there was much effort put in by researchers to 
accurately measure the levels at which cracks opened.  Elber used displacement gages during his 
original studies.  Other gages used during experiments included backface gages, mouth 
displacement gages, and pushrod displacement gages (Fleck, Smith et al. 1983).  Another 
technique developed was to measure the potential drop across the crack to determine when it 
opened (Irving, Robinson et al. 1973; Shih and Wei 1974; Bachmann and Munz 1979).  There 
were issues reported with this technique though; Irving et al. was unable to get results in air and 
had to study the specimen in a vacuum at pressures less than 10
-5
 torr and Bachmann and Munz 
found that any oxide layers on the crack flanks would act as insulation.  Other methods of 
identification included the use of replicas or by direct observation (Walker and Beevers 1979; 
Sehitoglu 1985; Sehitoglu 1985).  By using indentation marks on the surface near the crack 
flanks, lasers were used as displacement gages.  The lasers were shown by several researchers to 
provide results which differed from the displacement gages though (Macha, Corbly et al. 1979; 
Bowman, Antolovich et al. 1988; Lee and Sharpe Jr 1988).   
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The advent of digital image correlation during fatigue crack growth studies enabled the 
use of displacements to extract the stress intensity factors during a loading cycle.  The first DIC 
technique introduced for fatigue crack growth was a two-point digital displacement gage used to 
measure the local crack opening displacement (Riddell, Piascik et al. 1999; Sutton, Zhao et al. 
1999). Carroll et al. used a least-squares regression to determine the mode I stress intensity 
factor, KI, and the value of the T-stress (Carroll, Efstathiou et al. 2009).  T-stress is the second 
term in the Williams expansion and represents the uniform stress component, which is parallel to 
the crack.  Recently, a study used DIC and a least-squares regression when studying isotropic 
mixed mode fatigue crack growth and measured KI and KII values (Yoneyama, Morimoto et al. 
2006).  DIC has been employed to focus on crack kinking in functionally graded materials 
(Abanto-Bueno and Lambros 2006).  These materials still exhibited isotropic properties, and the 
authors were able to determine KI, KII, and the T-stress. 
2.2 Mixed Mode Fatigue Crack Growth 
The majority of studies have focused on the tensile opening of cracks, i.e. mode I growth.  
Forsyth recognized Stage I cracks grow at an angle, introducing the need to study mode II 
growth (Forsyth and Ryder 1961).  Work followed considering more than pure mode I crack 
growth and combinations of mixed mode stress intensity factors were used to describe mixed 
mode crack growth (Tanaka 1974).  It has been found that mode II growth has a large impact on 
crack initiation and early crack growth within individual grains of a polycrystalline aggregate 
(Suresh 1991).  This is due to plastic deformation during fatigue cycling, which concentrates on 
the slip systems experiencing the maximum shear stress (Smith and Pascoe 1985).  As 
investigations were extended to rolling contact fatigue, commonly seen in the railroad industry, it 
became necessary to include the mode II growth of cracks beyond the Stage I growth (Clayton 
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and Allery 1980; Keer, Bryant et al. 1982).  There have been much fewer studies in mode II 
cases as compared to mode I in the literature.   
Since it was not clear whether mode II loading contributed to the fatigue crack growth, 
more studies were aimed at investigating mixed mode loading.  Rybicki and Kanninen used the 
finite element method in conjunction with the crack closure integral to solve for the effective 
mode I and mode II stress intensity factors (Rybicki and Kanninen 1977).  This was followed by 
another one of the first finite element analysis of a crack experiencing mixed mode loading, 
produced by Nakagaki and Atluri (Nakagaki and Atluri 1980).  In other studies, mode II was 
found to dominate the crack growth behavior when the cyclic stress had a strong compression 
load associated with it (Liu 1985).  This was an early indication that the load ratio, R, played a 
role in the magnitude of mode II growth.  By comparing the stress intensity factor ranges, K , 
associated with each mode, it was concluded that when the value of II IK K was high the 
crack grew in shear, and when it was low it grew in tension (Liu 1985).  
Research also focused on crack flank displacements and the associated mode II crack 
growth.  Smith and Smith found that mode II displacements start at the notch and referred to this 
phenomenon as slipping (Smith and Smith 1988).  A crack was only slipped until the shear 
displacements reached the crack tip, and then the crack was considered to be fully slipped.  
Slipping was also defined to be reversed if it occurred during both loading and unloading during 
a fatigue cycle.  Their results indicated no fully reversed slipping and subsequently no mode II 
crack growth was observed (Smith and Smith 1988).  By contrast, when fully reversed slipping 
was present, mode II crack growth was recorded (Otsuka, Mori et al. 1980).  This suggested that 
mode II crack growth only occurs when the loading is fully reversed.  It was found that when 
mode II displacements were 30% of the mode I displacements, the effective stress intensity 
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factor could be reduced by up to 35% (Suresh and Ritchie 1982).  Kibey et al. used a finite 
element model to simulate the crack closure of an inclined crack subject to a remote tensile 
(mode I) loading (Kibey, Sehitoglu et al. 2004).  Slanted cracks experience mixed mode loading, 
allowing for the study of mode I and mode II crack opening levels.  It was noted that a load ratio 
with a compressive load experienced earlier opening in both modes I and II as compared to a 
purely tensile load ratio.  The maximum stress and friction between the crack faces also affected 
the opening levels. 
2.3 Crack Tip Plastic Zone and Slip Irreversibility 
A crack represents a singular point of stress concentration within a material and therefore 
yields the surrounding grains and introduces localized plasticity ahead of the crack tip.  The 
plastic strains accumulated during cyclic loading with a crack present are known to form a 
plastic zone extending from the crack tip (Irwin 1957). The plastic zone size can be estimated by 
determining at which point the stresses ahead of the crack tip meet the yield criterion.  In the 
isotropic case under pure mode I loading, the plastic zone has been observed to be symmetric.  In 
the case of combined mode I and mode II loading, such as that found in an anisotropic body, the 
plastic zone is asymmetric (Nowack, Trautmann et al. 1979; Lankford, Davidson et al. 1984).  
As previously mentioned, inclined cracks can experience mixed mode crack growth.  The angle 
of this inclination has also been shown to have an effect on the plastic zone shape (Zhang and 
Venugopalan 1987; Xin, Hangong et al. 2010) .  
The stress intensity factors, KI and KII, can be used to describe the size and shape of the 
plastic zone.  Gao et al. concluded that beginning at moderate stress levels, the T-stress term 
becomes significant in the crack tip stress field, and thus it also plays a role in the plastic zone 
size (Gao, Alagok et al. 1985).  Betegon and Hancock concurred with this and found that it can 
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also influence the plastic zone shape. Inside this plastically deformed area is a reversed plastic 
zone (Betegon and Hancock 1991).  This reversed plastic zone experiences reversed plasticity 
upon unloading during a fatigue cycle.   McClung and Sehitoglu found that the size of the 
reversed crack tip plastic zone can be affected by the amount of crack closure (McClung and 
Sehitoglu 1989). In 1968, Tomkins was the first to correlate crack tip plasticity to the crack 
growth rate (Tomkins 1968).  Several authors amended this statement by concluding that it was 
the reversed plastic zone size that is related to the crack growth rate, and thus an increase in the 
reversed plastic zone size increases the crack growth rate (Brown and Miller 1985; Gao, Alagok 
et al. 1985).  A further refinement was the suggestion that irreversibility of slip ahead of the 
crack tip contributed to the fatigue crack growth behavior.  McEvily and Boettner observed slip 
in polycrystalline (copper-based alloys) and single crystal (aluminum) specimens and concluded 
crack propagation was related to cross slip (McEvily Jr and Boettner 1963).  Building upon this 
idea, Fong and Tromans proposed a restricted slip reversal model relating slip irreversibility to 
crack growth (Fong and Tromans 1988).  Expansions on this model include relating plastic strain 
ahead of the crack tip due to slip irreversibility to the crack growth rate (Wu, Koul et al. 1993).  
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Chapter 3.  Materials and Experimental Methods 
3.1 Materials 
 
Commercially available 316L stainless steel was used for testing.  A portion of the material 
was grown into a single crystal from a seed using the Bridgman technique in vacuum.  The 
orientation of this crystal was then determined using electron backscatter diffraction (EBSD) 
enabling slices parallel to the {011}plane to be cut.  This plane contains the two crystallographic 
orientations of interest, [001]  and [111].  The polycrystalline material and both of the single 
crystal orientations were used during the study. 
Equation Chapter (Next) Section 1 
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Figure 1- Images captured during the fatigue crack growth experiments of each of the four specimens. (a) [111]
oriented single crystal loaded at a load ratio of R = 0.05, (b) polycrystalline specimen loaded at a load ratio of R = 
0.0624, (c) [111]  oriented single crystal loaded at a load ratio of R = -1, and (d) [001] oriented single crystal 
loaded at a load ratio of R = 0.05. 
 
After testing, electron backscatter diffraction was performed on the single crystal 
specimens to verify their orientations.  For the two [111]  crystals, their loading directions were 
confirmed, the normal was determined to be [011] , and thus the third orientation [211] .  In both 
crystals’ fatigue crack growth tests, the crack deflected at an angle of approximately 30° to the 
[211] direction as shown in Figure 2.  The [001]  crystal was also confirmed to be properly 
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oriented in the loading direction, the normal plane was the same as the previous single crystals, 
[011] , and the third orientation was [100].   
 
 
Figure 2 – SEM image of the [111]oriented single crystal specimen with the crystallographic orientations and crack 
growth direction indicated. 
 
Single edge-notch tension specimens were electrical discharge machined (EDM) with a gage 
length of 9 mm long and a width of 3 mm with the thicknesses reported in Table 1.  A drawing 
with the specimen dimensions are shown in Figure 3.   
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Figure 3 - Drawing of the single-edge notched tension specimens. 
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Table 1.  Summary of the specimen dimensions, testing conditions, and equipment setup  
Crystallography Thickness R ratio Stress Range Magnification Resolution 
Measurement 
Cycle 
Frequency 
Images per 
Cycle 
Polycrystalline 1.23 mm 0.0624 245 MPa 4.9x 0.90 μm/pix 1 Hz 15 
[111] 1.03 mm 0.05 178 MPa 4.6x 0.95 μm/pix 1 Hz 15 
[111] 1.75 mm -1 300 MPa 6x 0.78 μm/pix 0.08 Hz 188 
[001] 1.08 mm 0.05 155 MPa 5.1x 0.85 μm/pix 0.25 Hz 60 
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3.2 Specimen Preparation and Experimental Setup 
The specimens were mechanically polished to a mirror finish using abrasive paper up to 
P2400 grit.  A fine layer of black paint was then airbrushed onto each specimen creating a 
speckle pattern for DIC.  An IMI 202FT digital camera, mounted on a translation stage to allow 
for fine adjustments, was used to capture images during the fatigue crack growth experiments.  
The camera resolution was 1600 by 1200 pixels, the maximum frame rate was 15 fps, and a 
Navitar adjustable lens with a 12x magnification range and 2x adapter were used to achieve 
different magnifications.  The magnification and resolution of the images for each specimen are 
displayed in Table 1.   
The specimens were cyclically loaded in a servo-hydraulic load frame.   The specimens 
were fatigued at the R-ratios and stress ranges given in Table 1 at a rate between 3 and 10 Hz to 
initiate a crack at the notch.  A Labview computer program controlled the load frame, and 
captured images and their corresponding loads measured by a 7.5 kN load cell during the test.  
Once a crack was visually identified, measurement cycles were run periodically to capture a 
greater number of images per cycle to provide an in-depth analysis into the fatigue cycles.  This 
information is presented in Table 1.  The measured crack growth rates were on the order of 10
-5
 
mm/cycle for the majority of the experiments, so any crack growth during the measurement 
cycles was negligible.   
3.3 Digital Image Correlation Technique 
The results obtained from digital image correlation are used as the basis for each of the 
analytical techniques in this thesis.  Since DIC compares the light intensity on the surface of a 
deformed image to that of a reference image to determine the displacements, a speckle pattern 
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must be present to create a random array of intensity levels.  The surface will contain numerous 
pixels of the same light intensity and so square groups of pixels, or subsets, are necessary to 
create unique blocks of light intensities.  DIC then uses an initial guess and finds the 
displacements by tracking individual subsets and determining the best correlation between the 
two images.  The new location of each pixel, based upon the subset’s center, is described using a 
Taylor expansion.  Higher order terms are included in the Taylor expansion to accommodate the 
subsets changing shape during deformation. The new positions ( , )x y  are found based on the 
initial position ( , )o ox y   
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 (3.2) 
where ( , )x y  are the reference coordinates of the pixel, ou  and ov  are the horizontal and vertical 
displacements respectively, and x  and y  represent the distance the pixel is from the center of 
the subset or ox x x  and oy y y .  For a more in-depth description of the digital image 
correlation technique, see Sutton et al. (Sutton, Wolters et al. 1983). 
A commercially available image correlation program (Vic-2d produced by Correlated 
Solutions) was used to perform DIC on the measurement cycles.  The first image of each 
measurement cycle, captured at minimum load, was used as the reference image for that cycle.  
The full image field, both behind and ahead of the crack tip, was used during the correlations.  
The maximum subset size used was 72 by 72 microns with a maximum of 9 microns between 
centers of the subsets.  At each correlated point, the horizontal (u) and vertical (v) displacements 
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were found and the strains were calculated assuming a small strain approximation.  The 
displacements are used in the least-squares regression, which will be discussed in Section 4.1.   
 
Figure 4 - Vertical displacements of each specimen at various crack lengths measured using digital image 
correlation.  (a) [111]oriented single crystal loaded at a load ratio of R = 0.05.  The arrow points out a carbide 
which affected the crack closure as the crack propagated, (b) polycrystalline specimen loaded at a load ratio of R = 
0.0624, (c) [111]  oriented single crystal loaded at a load ratio of R = -1, and (d) [001] oriented single crystal 
loaded at a load ratio of R = 0.05. 
Equation Chapter (Next) Section 1 
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Chapter 4. Analytical Techniques 
4.1 Anisotropic Least-Squares Regression 
The use of DIC provides a full field displacement field to find the crack driving forces 
without geometric considerations.  A nonlinear least-squares regression can optimize the stress 
intensity factor determination process and give insight into how these values progress during a 
fatigue loading cycle.  The following procedure describes how the stress intensity factors and 
higher order terms were found. 
Since the frequency during the measurement cycles was slowed to the values given in Table 
1, the entire loading and unloading process was recorded, and DIC provided a full field of 
displacements for each image.  These displacements were the input to find KI, KII, and the T-
stress.  For mode I and mode II mixed mode crack problems, the crack tip displacements for an 
orthotropic material when the crack direction is consistent with the principal directions are 
expressed as (Sih, Paris et al. 1965; Shah, Tan et al. 2006) 
1 2 2 2 1 1
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where the jp  and jq  terms are 
 211 12 16j j jp a a a  (4.3) 
 2212 26j j
j
a
q a a  (4.4) 
 
and IK  and IIK  are the mode I and mode II stress intensity factors respectively, T is the T-
stress, A  is the rigid body rotation, uB  and vB  are the rigid body translations in the u and v 
directions respectively, r and  are the polar coordinates with the origin at the crack tip, 1  and 
2  are the roots from the following characteristic Equation 4.5, and ija  are the compliance 
coefficients.  These roots are the two conjugated roots for which the imaginary parts are positive. 
 
 
4 3 2
11 16 12 66 26 222 (2 ) 2 0a a a a a a  (4.5) 
 In Equation 4.2, the vertical displacements responsible for the tensile (mode I) crack 
opening, must be perpendicular to the crack surface.  To accommodate this, the grid of 
displacements obtained from DIC and the compliance tensor values were rotated with respect to 
the crack propagation angle.  This provides two distinct sets of data: the horizontal displacements 
and the vertical displacements.  An algorithm was written to simultaneously solve every vertical 
and horizontal displacement using Equations 4.1 and 4.2 for the desired parameters  
( , , ,  ,  ,  I II u vK K T A B B ) using a nonlinear least squares regression.  This provided the stress 
intensity factors values and T-stress directly from the experimentally measured displacement 
field without any contributions from the rigid motion.  With the full field being used, over 
10,000 displacements were considered in each calculation.  It was deemed necessary during the 
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development of the algorithm that both the horizontal and vertical displacements were required.  
If only the horizontal displacements, Equation 4.1, were used, KI is underestimated and KII is 
overestimated.  Contrary to this, if only the vertical displacements, Equation 4.2, were used, KI is 
overestimated and KII is underestimated.  This was due to the dominance of each stress intensity 
factor with its respective mode of opening; KI when considering only the vertical displacements 
(mode I) and KII when considering only the horizontal displacements (mode II). 
4.2 Crack Tip Plastic Zone Determination 
With the stress intensity factors for mode I and mode II known, the stress field, Equation 
4.6, around the crack tip was determined (Sih, Paris et al. 1965).   The stress field was used to 
determine the plastic zone size and shape.  The stresses are 
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and the F terms in Equation 4.6 are expressed as 
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where m=KII/KI, the mode I and II stress intensity factors, r and θ are the polar coordinates with 
the origin at the crack tip, and μ1 and μ2 are the characteristic roots previously found in Equation 
4.5.   
Since the single crystals exhibit anisotropic properties, Hill’s extension of the von Mises’s 
yield criterion was used (Hill 1950). The yield criterion in quadratic form is expressed as  
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where E, G, and H are coefficients that characterize the anisotropy in the normal directions and  
L, M, and N are the coefficients that characterize the shear anisotropy.  X, Y, and Z are the yield 
stresses in the principal directions and S is the shear yield stress. Assuming plane stress since the 
specimens are thin, 0z xz yz  and Equation 4.9 reduces to 
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2 2( ) 2 ( ) 2 1x x y y xyG H H E H N    (4.11) 
To find the plastic zone size, we substituted Equation 4.6 into Equation 4.11 and solved for the 
plastic zone radius, rp, with the final form: 
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4.3 Two-Point Digital Extensometers 
 Two-point digital extensometers were first introduced in the late 1990s (Riddell, Piascik 
et al. 1999; Sutton, Zhao et al. 1999).  The concept is to track two subsets, one on each side of 
the crack flanks, using digital image correlation.  By using the first image in the cycle as the 
reference image, the load level at which the crack begins to open can be identified.  Since the 
extensometers require no physical setup, many of them can be placed along the crack face, as 
displayed in Figure 5, and distinctions between the global and crack tip crack closure can be 
made. 
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Figure 5 – An example of the two-point digital extensometers on the [111] .  Each blue line represents a different 
extensometer.  The yellow subsets on each side of the crack will separate as the crack opens. 
 
 The extensometers must be placed perpendicular to the crack flanks in order to get the 
pure horizontal and vertical displacements.  Once this is done, the advantage of using the 
extensometers is the clear distinction between the two types of displacements without needing to 
rotate any of the processed data.  This makes it easy to analyze mixed mode fatigue crack 
growth.  The difference in the horizontal displacements, upper loweru u u , describes the mode II 
crack opening and the difference in the vertical displacements, upper lowerv v v  , describes the 
mode I crack opening. 
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Figure 6 - A schematic showing the displacements measured by the two-point digital extensometers. 
 
 The gages were placed starting at 20 μm in front of the crack tip and extended back 
behind the crack until the notch was reached.  In Chapter 6, crack opening displacement profiles 
will be presented that show how the crack unzips from the notch forward to the tip.  By 
correlating images at increasing load levels during the loading portion of the fatigue cycle, the 
level at which the crack tip opens was identified.  This was able to be distinguished by when the 
displacements at the crack tip became positive and the slope between extensometers remained 
positive along the entire crack profile. 
Equation Chapter (Next) Section 1 
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Chapter 5.  Fatigue Crack Growth and Crack Closure Results and Discussion 
5.1 Fatigue Crack Growth Results 
Fatigue crack growth tests were performed on a polycrystalline specimen and the two 
previously discussed crystallographic orientations.  The tensile properties for each are presented 
in Table 2.  The crack growth behavior as a function of the total stress intensity range is given in 
Figure 7.  The results displayed were determined using 
 ( )I
a
w
K a f  (5.1) 
 ( )II
a
w
K a f  (5.2) 
where and are the normal and shear stress ranges on the crack plane, respectively, a is 
the crack length, and ( )a
w
f is the geometric correction factor (Tada, Paris et al. 1973).  For a 
single-edge notch tension specimen, the geometric correction factor is given as 
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where a is the crack length and w is the specimen width. 
Several methods have been proposed for combining the stress intensity factor ranges (Tanaka 
1974).  The most general expression has the form 
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28 
 
Since the anisotropic case is a complex case, it requires the use of the energy release rates, i , 
Equations 5.5 and 5.6 for mode I and mode II respectively (Sih, Paris et al. 1965).  The ratio 
between these two energy release rates will be used to determine , i.e. 2
1
( ) : 
 1 2
1 22
1 2
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where 11 22 and a a are the compliance coefficients and 1 2 and  are the roots found from the 
characteristic equation.   ranged from 2.25 to 3.8 for the cases included in this study. 
 
Table 2. Selected tensile properties of the 316L stainless steel specimens 
Crystallography 
Yield Stress, 
0.2% offset Elastic Modulus 
Polycrystalline 230 MPa 192 GPa 
[111] 466 MPa 329 GPa 
[001] 329 MPa 121 GPa 
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Figure 7 - Fatigue crack growth results for the polycrystalline and single crystal 316L stainless steel specimens at 
room temperature with testing conditions shown in Table 1.  The Paris law coefficients and threshold stress intensity 
factor range are shown in Table 3. 
 
The scatter observed within each specimen is related to the resolution of the images used 
for the crack tip identification.  It is observed that there is no correlation in the fatigue crack 
growth rate and stress intensity factor ranges between any of the specimens tested though.  The 
results show that the two [111]  single crystal specimens’ fatigue cracks propagate at much lower 
stress intensity factor ranges than the two pure mode I specimens, the polycrystalline and [001]
cases. 
A majority of the fatigue crack growth occurred in regime II, the steady state region of 
fatigue crack growth.  The data were fit to the Paris law, and the constants C and m are given in 
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Table 3.  The Paris exponent, m, ranges from 2.87 to 7.46.  This is an extremely wide range of 
values and makes it difficult to characterize the material’s fatigue crack growth behavior. 
 
Table 3. Paris law fits and stress intensity threshold from fatigue crack growth tests of 316L stainless 
steel 
Specimen ΔKthres  C m 
Polycrystal R=0.624 18 MPa√m  2.46 x10-09  2.87 
[111] Single Crystal R=0.05 20 MPa√m  9.96 x10-13 7.46  
[111] Single Crystal R=-1 21 MPa√m  7.86 x10-13  6.45  
[001] Single Crystal  19 MPa√m  6.50 x10-12  4.49  
 
 
 In order to collapse the data to more similar values of the Paris exponent, crack closure 
was considered and the effective stress intensity factor ranges were used.  The anisotropic least-
squares regression explained in Section 4.1 was utilized and the results are displayed in Figure 8.  
Since the stress intensity factors found by the anisotropic regression are based off the crack tip 
displacements, the values found were the effective stress intensity ranges. 
 
/2
2 2
, ,
m
tot
m
I eff II eff
da
C K
dN
C K K
 (5.7) 
  
31 
 
 
Figure 8 - Effective fatigue crack growth results for polycrystalline and single crystal 316L stainless steel specimens 
for which crack closure is accounted.  The specimens were tested at room temperature under the loading conditions 
displayed in Table 1.  The Paris law coefficients and threshold stress intensity ranges are shown in Table 4. 
 
It is immediately obvious that the effective fatigue crack growth results show a much 
more similar trend.  All the results have been shifted to the left on the plot since the effective 
stress intensity ranges consider a reduced range of the loading stress.  The Paris coefficients are 
shown in Table 4, and the Paris exponent has a very tight range of 3.29 to 3.89.  The drastic 
change in results is due to the influence of loading conditions, such as the load ratio R, being 
eliminated when crack closure is considered. 
1.00E-07
1.00E-06
1.00E-05
1.00E-04
1.00E-03
1 10 100
C
ra
ck
 G
ro
w
th
 R
at
e
 (m
m
/c
yc
le
)
Effective Stress Intensity Factor Range, ΔKeffective (MPa√m)
Polycrystalline
[111] R = 0.05
[111] R=-1
[001]
32 
 
Table 4. Effective Paris law fits and stress intensity threshold from fatigue crack growth tests of 316L 
stainless steel 
Specimen ΔKthres  C m 
Polycrystal R=0.624 6 MPa√m  1.05 x10-08 3.32 
[111] Single Crystal R=0.05 8 MPa√m  6.37 x10-09  3.89  
[111] Single Crystal R=-1 10 MPa√m  3.29 x10-09  3.65  
[001] Single Crystal  7 MPa√m  3.10 x10-09  3.29  
 
5.2 Anisotropic Regression Fatigue Crack Growth Results 
The regression analysis solves all the variables required to model the crack tip 
displacements during a fatigue crack growth cycle.  The experimental and modeled 
displacements have been plotted to demonstrate the accuracy of the regression technique.  In 
Figure 9 through Figure 12, the blue contours represent the experimental displacements and the 
red contours represent the modeled contours based off the values found in the regression 
analysis.  A selected fatigue cycle for each sample tested is presented at maximum load.   
 When the regression was performed on the polycrystalline specimen, isotropic 
compliance coefficients were used in Equation 4.5.  The vertical contours for the cycle at a crack 
length of 0.917 mm are displayed in Figure 9.   The mode I stress intensity factor range was 
found to be 9.16 MPa√m, and since the crack was horizontal with no shear component, the mode 
II stress intensity factor range was zero.  The [001]  oriented specimen also grew in pure mode I, 
as expected because of symmetric slip with respect to the crack plane.  The vertical contours of 
the cycle corresponding to crack length 1.174 mm are shown in Figure 10.  As with the 
polycrystalline case, there was no mode II component, and thus the mode II stress intensity 
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factor range was again zero.  The mode I stress intensity factor range was found to be 10.33 
MPa√m, and the experimental and modeled contours show good agreement.   
 
Figure 9 - Comparison of experimentally measured and regression vertical displacement contours for the 
polycrystalline specimen with a crack length of 0.856 mm and a ΔKI value of 8.01 MPa√m found from regression. 
 
Figure 10 - Comparison of experimentally measured and regression vertical displacement contours for the [001] 
oriented single crystal.  The crack length is 1.154 mm with a corresponding ΔKI regression value of 9.06 MPa√m. 
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 Two specimens with [111] orientations were tested to investigate mixed mode growth.  
The first [111] specimen was tested at a load ratio, R, of 0.05 as a comparison to the 
polycrystalline and [001]  specimens.  The horizontal contours and vertical contours are 
displayed in Figure 11(a) and 11(b) respectively for the fatigue cycle when the crack was 1.588 
mm long.  The mode I and mode II stress intensity factor ranges were determined to be 9.14 
MPa√m and 4.33 MPa√m, respectively.  The horizontal displacements are asymmetric in Figure 
11(a). indicating shearing or mode II displacement is occurring during the cycle.  A second test 
was conducted with the [111] orientation at a load ratio, R, of -1.  With compression introduced 
into the fatigue cycle, the stress intensity factor ranges were expected to increase.  The horizontal 
and vertical displacements for the cycle with crack length of 1.176 mm are displayed in Figure 
12(a) and 12(b) respectively.  The mode I stress intensity factor range was 18.95 MPa√m and the 
mode II stress intensity factor range was 7.96 MPa√m.  At a shorter crack length, it is already 
evident that the compressive part of the fatigue cycle had caused the stress intensity factors to 
increase by about a factor of two.  The crack growth angle was within two degrees between both 
[111] specimens.   
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Figure 11 - Comparison of experimentally measured and regression (a) horizontal and (b) vertical displacement 
contours for the [111] oriented single crystal with a load ratio of R=0.05.  The crack is 1.588 mm long with 
corresponding regression values for ΔKI of 9.14 MPa√m and ΔKII of 4.33 MPa√m.  The black dot signifies the crack 
tip location. 
 
 
 
 
Figure 12 - Comparison of experimentally measured and regression (a) horizontal and (b) vertical displacement 
contours for the [111] oriented single crystal with a load ratio of R=-1.  The crack is 1.176 mm long with 
corresponding regression values for ΔKI of 20.99 MPa√m and ΔKII of 8.49 MPa√m.  The black dot signifies the 
crack tip location. 
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When comparing the effective stress intensity ranges at similar crack growth rates in the 
[111] orientation tests, the closure levels of the load ratio, R, of -1 test were found to be 
significantly lower.  Upon investigation, the vertical displacements near the notch in the load 
ratio, R, of -1 experiment were found to be larger than the specimen with the load ratio, R,  of 
0.05.  It was concluded that the regression was capturing the closure associated with the crack tip 
in the case with the load ratio, R, of 0.05 but only the global closure in the case with the load 
ratio, R, of -1.  A digital extensometer was required to determine the closure level at the crack tip 
in this specimen, and upon applying this correction as demonstrated in Section 5.3, the two [111]  
effective stress intensity ranges were comparable. 
5.3 Crack Closure Measurements 
 With the inclusion of crack closure creating much more consistent fatigue crack growth 
results, an in-depth study using the two-point digital extensometers, introduced in Section 4.3, 
was performed.  The polycrystalline specimen and the two [111]  oriented single crystal 
specimens were studied.  This was to compare pure mode I loading found in the polycrystalline 
specimen to that of the mixed mode I and II loading found in the [111]  oriented specimens, and 
also to determine what effects the compressive load had on the crack closure.  More than one 
crack length was studied for each specimen to provide insight into the progression of the crack 
closure as the fatigue crack propagated.  At each crack length studied, an extensometer was 
placed about 20 μm in front of the crack tip and additional extensometers were then placed along 
the crack flanks until the machined notch. 
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 Both the horizontal and vertical displacements for each extensometer were recorded 
during the whole loading portion of the fatigue cycle.  By using the displacement profiles along 
the entire crack length, the mode I and mode II opening levels were identified.  The first results 
are for the polycrystalline specimen.  These results are displayed in Figure 13.  Figures 13(a) and 
13(b) contain the mode I displacements.  In Figure 13(a), the crack begins to open at 13% of the 
load starting from the notch, but the crack tip does not open until between 13% and 30% of the 
maximum load.  As the crack advanced, the mode I displacements close to the notch were more 
than twice that of the earlier crack length as seen in Figure 13(b).  The crack tip does not open 
until between 13% and 30% of the maximum load, just as the shorter crack length did.  The steep 
opening starting at the point 90 μm behind the crack tip was attributed to a small crack 
redirection at that location.  This redirection affected the crack closure levels and a clearer 
example of this will be shown in one of the [111]  oriented samples.  As expected due to the 
crack experiencing only mode I loading conditions, Figure 13(c) and 13(d) show nearly zero 
mode II displacements. 
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Figure 13 - The crack opening displacement profiles of the polycrystalline 316L stainless steel specimen.  a) and b) 
show the mode I displacements at crack lengths of 0.872 mm and 1.021 mm respectively.  c) and d) display the 
mode II displacements at crack lengths of 0.872 mm and 1.021 mm respectively.   
 
 
The next specimen analyzed was the [111]  oriented single crystal loaded at a load ratio, 
R, of 0.05.  Mode II displacements were expected due to the fatigue crack propagating at an 
angle and the results from Section 5.2.  The crack opening displacement profiles for three crack 
lengths are displayed in Figure 14. 
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Figure 14 - Crack opening displacement profiles of the [111]oriented single crystal loaded at a load ratio, R, of 
0.05.  (a) and (b) show the mode I and mode II displacements respectively at a crack length of 1.517 mm.  (c) and 
(d) show the mode I and mode II displacements respectively at a crack length of 1.622 mm.  (e) and (f) show the 
mode I and mode II displacements respectively at a crack length of 1.940 mm. 
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During this fatigue crack growth experiment, the crack encountered a carbide which 
affected the crack propagation path.  This is observed in Figure 14(a) and 14(b).  It is seen that 
the mode I displacements remain shut until 50 μm behind the crack tip, and then open between 
43% and 50% of the maximum load.  Contrarily, the mode II displacements appear to open at the 
crack tip between 18% and 31% of the maximum load.  As the crack extended to a length of 
1.622 mm, roughly 0.1 mm away from the previous crack opening displacement profiles, the 
effects of the carbide disappear.  Beginning with Figure 14(d), the crack is open before 12% of 
the maximum load is reached, while Figure 14(c) shows that the crack tip does not experience 
mode I opening until between 12% and 25% of the maximum load.  This matches the results 
found using finite element models (McClung and Sehitoglu 1989).  The trend of greater 
displacements with greater crack length, seen in the polycrystalline case, is also observed in this 
case.  The largest crack length, 1.940 mm, has the largest displacements in both mode I and 
mode II.  As with the shorter crack length, the crack experiences mode II opening, seen in Figure 
14(f), before it experiences mode I opening, seen in Figure 14(e).  The displacements being 
positive in front of the crack tip at higher loads in Figure 14(f) indicate that the crack flanks slide 
past the initial crack tip location. 
The other [111] oriented single crystal specimen loaded at a load ratio, R, of -1 was 
observed to have the greatest crack opening displacements, displayed in Figure 14.  Examining 
the first crack length of 1.327 mm, the mode I displacements in Figure 15(a) near the notch open 
1 μm more than the largest crack length of the [111]  specimen loaded at a load ratio, R, of 0.05.  
Another interesting observation is that Figures 15(b) shows that the crack opens in mode II while 
still in compression.  This is also seen in the mode II crack opening profile of the greater crack 
length of 1.733 mm, shown in Figure 15(d).  The trend with this specimen remains the same as 
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the previous two: greater displacements with greater crack length.  Since the only difference 
between the previous [111]  specimen is the compression portion of the fatigue cycle, it can be 
concluded that loading in compression causes the crack to open more in tension.  This indicates 
that cyclic loading with a compressive portion of the fatigue cycle is more damaging than that of 
pure tension cycling.  More evidence to support this claim is presented in Chapter 6.   
 
 
Figure 15 - Crack opening displacement profiles of the [111]oriented single crystal loaded at a load ratio, R, of -1.  
(a) and (b) represent the mode I and mode II crack opening profiles at a crack length of 1.327 mm.  (c) and (d) show 
the mode I and mode II crack opening profiles at a crack length of 1.733 mm. 
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5.4 Summary of the Crack Closure Levels 
Using the crack opening displacement profiles, the crack closure trends in both mode I 
and mode II were found.  These results are presented in Figure 16 with  Figure 16(a) 
demonstrating how each mode opens.  The mode I polycrystalline results, Figure 16(b), and both 
of the mode I [111]oriented single crystal results, Figures 16(c) and 16(d), indicate that the 
cracks were closed for approximately 20% of the tensile except in the carbide’s presence.  The 
effects of the carbide are clearly evident in Figure 16(c) with the crack being shut in mode II for 
a majority of the loading cycle, nearly 60%, after it passed the carbide.  The mode I results show 
that the carbide had a much smaller effect.  The greatest difference in trends was between the 
mode II opening levels in the two [111]  oriented single crystals.  The [111]  oriented single 
crystal loaded at a load ratio, R, of -1, Figure 16(d), showed that the crack opened in mode II 
consistently during the compressive portion of the loading cycle.   
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Figure 16 - The mode I and mode II crack opening levels as a function of crack length.  (a) is a schematic depicting 
how each mode opens the crack.  (b) contains the results for the polycrystalline specimen which experienced purely 
mode I opening.  (c) is the results of the [111]  oriented single crystal loaded at a load ratio, R, of 0.05.  (d) shows 
the crack opening levels of the [111]  oriented single crystal loaded at a load ratio, R, of -1. 
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Chapter 6.  Crack Tip Plastic Zone and Slip Irreversibility Results and 
Discussion 
6.1 Plastic Zone Sizes and Shapes 
Since each image captured represents a different load throughout the fatigue cycle, the 
entire progression of stresses and strains was recorded.  The stress intensity factors at each load 
were found by performing the least-squares regression on each image.  Using Equation 4.12, the 
plastic zone size was then determined and the development of the size and shape throughout the 
fatigue cycle was observed.  The DIC was used to find the strains in front of the crack tip, and 
these strains were inserted into the plastic zone.  Figure 17 through Figure 20 display the plastic 
zone and interior strains up to max load for each specimen tested during this study. 
The polycrystalline case presented in Figure 17 displays the classic symmetric isotropic 
plastic zone shape for plane stress.  At 6% of the load, the plastic zone is almost nonexistent with 
an area of 0.0007 mm
2
 and contains constant strains throughout.  As the load increases, the strain 
field begins to develop and at 43% of the load, strains are observed up to 0.35%.  At the 
maximum load, the strains near the crack tip are greater than 1%, and extend out at roughly 60° 
from the crack tip with an area of 0.1920 mm
2
.   In the other pure mode I case, the [001]  single 
crystal still has a symmetric plastic zone as shown in Figure 18.  At 29% of the load, the strains 
within the plastic zone show a small gradient with the strains reaching a maximum of 
approximately 0.3%, but the area is only 0.0004 mm
2
.  At 56% of the load, the strains reach 
close to 0.9% above the crack tip.  This concentration of strains continues until maximum load, 
and there are strains over 1.2% above the crack tip.  The maximum plastic zone area for this 
specimen, 0.0527 mm
2
, is a quarter the size of the polycrystalline case, and the DIC strains show 
a more compact concentration. 
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Figure 17 - Plastic zones and vertical displacement contours associated with a fatigue cycle of the polycrystalline 
specimen with a crack length of 0.917 mm and a stress intensity range of ΔKI = 8.34 MPa√m.   Each figure 
represents a different load level during the loading portion of the cycle: (a) 6% with a plastic zone area of Arp = 
0.0007 mm
2
  (b) 43% with a plastic zone area of Arp = 0.0048 mm
2
 and (c) maximum load with a plastic zone area of 
Arp = 0.1920 mm
2
.  Strains found from DIC are shown inside each plastic zone. 
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Figure 18 - Plastic zones and vertical displacement contours associated with a fatigue cycle of the [001] oriented 
specimen with a crack length of 1.174 mm and a stress intensity range of ΔKI = 10.33 MPa√m.   Each figure 
represents a different load level during the loading portion of the cycle: (a) 29% with a plastic zone area of Arp = 
0.0004 mm
2 
(b) 56% with a plastic zone area of Arp = 0.0050 mm
2 
and (c) maximum load with a plastic zone area of 
Arp = 0.0527 mm
2
.  Due to the anisotropy of the single crystal, the plastic zone, with DIC strains shown inside, has 
an irregular shape but is still symmetric due the specimen experiencing pure mode I loading conditions.   
 
 The KII component in the two [111] crystals caused the plastic zone shape to be 
asymmetric, as opposed to the specimens where the crack grew in purely mode I.    In the 
specimen tested at the load ratio, R, of 0.05, the plastic zone shape was a combination of the 
polycrystalline and [001]  plastic zone shapes as shown in Figure 19.  The upper half of the 
plastic zone has a shape similar to the smooth, round polycrystalline shape, but the lower half has 
the more pinched lobe shape of the [001]  specimen.  The plastic zone is larger above the crack 
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tip, which is consistent with the displacements that were greater above the crack, as shown in 
Figure 11(a).  The strains were lower for both the polycrystalline and [001] cases and the 
gradient was also steeper; outside the direct vicinity of the crack tip, the strains were consistently 
0.05% or less.  The plastic zone area progression was similar to that of the polycrystalline sample 
and the maximum area found was 0.1680 mm
2
.  In the load ratio, R, of -1 [111]  specimen, the 
plastic zone had a shape similar to the first [111] specimen and the plastic zone size was the 
largest found in this study, as displayed in Figure 20.  At 51% of the load, the area was 0.1430 
mm
2
, which was on the order of the previous [111] specimen and the polycrystalline specimen at 
maximum load.  Strains greater than 1.1% were measured near the crack tip and the strains were 
observed to extend farther out from the crack tip vicinity than in the [111] specimen with the load 
ratio, R, of 0.05.  The strains extend at approximately 30° to the crack plane below the crack and 
60° to the crack plane above the crack.  At maximum load, the plastic zone area dominated the 
entire crack tip region.  The greater amount of plasticity in the load ratio, R, of -1 [111]  single 
crystal indicates that introducing a compression portion to the fatigue cycle is more damaging 
than pure tension.  This is attributed to the crack opening earlier in the cycle. 
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Figure 19 - Plastic zones and vertical displacement contours associated with a fatigue cycle of the [111] oriented 
specimen at the crack length of 1.716 mm with a load ratio of R=0.05 and stress intensity ranges of ΔK I = 11.91 
MPa√m and ΔKII = 5.47 MPa√m.   Each figure represents a different load level during the loading portion of the 
cycle: (a) 15% with a plastic zone area of Arp = 0.0008 mm
2
 (b) 58% with a plastic zone area of Arp = 0.0196 mm
2 
and (c) maximum load with a plastic zone area of Arp = 0.1680 mm
2
.  The plastic zone size and DIC strains within 
are asymmetric due to the specimen being under mixed mode loading conditions. 
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Figure 20 - Plastic zones and vertical displacement contours associated with a fatigue cycle of the [111] oriented 
specimen at a crack length of 1.024 mm with a load ratio of R=-1 and stress intensity ranges of ΔKI = 22.84 MPa√m 
and ΔKII = 9.61 MPa√m.   Each figure represents a different load level during the loading portion of the cycle: (a) 
15% with a plastic zone area of Arp = 0.0018 mm
2 
and (b) 51% with a plastic zone area of Arp = 0.1430 mm
2
.  At 
maximum load, the plastic zone engulfs the entire crack tip region and has been excluded.  Asymmetry in the plastic 
zone and DIC strains is observed due to the mixed mode loading. 
 
It has been recognized that there are additional methods to describing the plastic zone in 
single crystals.  A double slip analysis, which considers only limited slip in a single grain, has 
been used to describe the effects that crystallographic orientation has on the size and shape of the 
plastic zone (Gall, Sehitoglu et al. 1996).  With the 316L stainless steel being an FCC material, 
there was significant slip to warrant the use of a continuum model such as Hill’s yield criterion.  
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6.2 Irreversibility of Crack Tip Strains 
Fatigue crack growth is caused by dislocations being emitted from the crack tip during 
loading, and not fully reversing during unloading, advancing the crack (Fong and Tromans 
1988).  The residual left due to the interaction is the slip irreversibility and has been related to 
crack propagation (Wu, Koul et al. 1993).  An estimation of the slip irreversibility was 
determined by finding the amount of irreversible strain accumulated near the crack tip during a 
fatigue cycle.  The schematics in Figure 21 indicate when the strains were measured during the 
loading cycle.  In Figure 21(a), minimum load is point A, which corresponds to the minimum 
stress in Figure 21(b).  Point B represents the maximum load, halfway through the loading cycle.  
As the specimen is unloaded, the stress returns to the minimum load, shown in Figure 21(a), 
irreversible slip has accumulated and the minimum strain has increased to point C in Figure 
21(b).    
 
 
Figure 21 - (a) The fatigue loading cycle as a function of time showing A and C at minimum load and B at 
maximum load.  (b) Schematic showing the slip irreversibility between points C and A for a point ahead of the crack 
tip.  Strain measurements were taken at the three points indicated. 
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The strains at each of these points during the loading cycle were measured for selected 
crack lengths in each of the four specimens tested.  The results in the strain differences are 
presented in Figure 22.  Figure 22(a) and Figure 22(b) show the difference in the axial and shear 
strains, respectively, between points B and A, while Figure 22(c) and Figure 22(d) show the 
differences between points B and C.  The strain differences in Figure 22(c) and Figure 22(d) are 
smaller than those in Figure 22(a) and Figure 22(b).  This inequality between the strain 
differences in the loading and unloading portions of the fatigue cycle revealed unrecovered 
strains, and thus irreversibility. It is observed that the [111] specimen with a load ratio, R, of -1 
had the greatest differences in both the axial and shear strain in all four cases.  The [111]  
specimen with a load ratio, R, of 0.05 had a more consistent trend than the rising irreversibility in 
the [111] specimen with a load ratio, R, of -1.  The other two specimens followed this consistent 
trend and the slope in both the axial and shear strain cases are consistent between B and A and B 
and C for both the pure mode I growth tests in the polycrystalline and [001]  specimen; therefore, 
the irreversibility was consistent as well.   
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Figure 22 - Strain differences during selected loading cycles as a function of crack length for the four 316L stainless 
steel fatigue crack growth specimens.  (a) Axial strain differences and (b) shear strain differences between the initial 
minimum load A and maximum load B.  (c) Axial strain differences and (d) shear strain differences between the 
minimum load at the end of the loading cycle C and the maximum load B.  The smaller magnitudes in (c) and (d) as 
compared to (a) and (b) reveal irreversibility during the cycle. 
 
6.3 Chapter Summary 
The utilization of digital image correlation provides the strains around the crack tip.  With the 
plastic zone determined by using the values found in the regression analysis, these strains can be 
placed inside the plastic zone and the development of the strain fields can be observed.   By 
comparing polycrystalline and single crystal specimens, further insight can be gained on how 
grain boundaries and anisotropy affect the plasticity ahead of a crack tip.  When studying mixed 
mode cases, the effects that varying angles of crack growth have on the asymmetry of the plastic 
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zone and strain development can be determined.  By testing using different load ratios, R, the 
most damaging case in terms of the plasticity around the crack tip was investigated, as seen with 
the two [111] specimens.  The case with the load ratio, R, of -1 was observed to be the more 
damaging case due to the compressive portion of the cycle and greater crack opening 
displacements. 
 The strains ahead of the crack tip were quantitatively measured and the slip irreversibility 
for each cycle was found.  This ability can be used to increase the accuracy in crack growth 
models since the slip irreversibility and crack growth rate are related (Wu, Koul et al. 1993).  A 
correlation between the increase in slip irreversibility as the crack length increased was observed 
in each specimen tested.  The rate at which each of these increased varied between the 
polycrystalline specimen and each single crystal orientation tested. 
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Chapter 7.  Conclusions and Future Work 
 Fatigue crack growth in 316L stainless steel was extensively studied using digital image 
correlation.  Conclusions about the crack closure observed and the effects it had on the fatigue 
crack growth rate will be presented in the first section.  The second section will focus on the 
findings about the plastic zone size and shape and the corresponding crack tip slip irreversibility.  
Recommendations for future work will be presented in the final section. 
7.1 Crack Closure 
 Fatigue crack growth results of 316L stainless steel found using the Paris law provided a 
scattered range of results.  The use of the effective stress intensity factor range collapsed the 
fatigue crack growth data and provided similar values of the Paris exponent.  The effective stress 
intensity factor ranges were found using an anisotropic least-squares regression algorithm 
developed during this thesis.  Two-point digital extensometers were utilized to obtain crack 
opening displacement profiles for both mode I and mode II crack opening.  The mode I and 
mode II crack opening displacements were found to be the greatest in the [111] oriented single 
crystal specimen loaded at a load ratio, R, of -1.  This indicated that a compressive portion of a 
fatigue loading cycle was more detrimental than pure tensile loading.  This was confirmed when 
it was observed that this specimen experienced mode II crack opening while under compression.  
The mode I crack opening level was found to be relatively consistent across the polycrystalline 
and both [111] oriented single crystal specimen. 
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7.2 Plastic Zones and Slip Irreversibility  
 The development of the plastic zone size and shape during loading was studied for each 
specimen included in the study.  The anisotropy present in the single crystals caused the plastic 
zone shape to appear irregular compared to the classical plane stress plastic zone shape.  The 
introduction of mode II displacements in the two [111]  specimens skewed the plastic zone 
causing it to no longer be symmetric.  Including a compressive load in the fatigue cycle caused 
the plastic zone size to rapidly increase and engulf the entire crack at maximum load.  Strain 
measurements were taken in front of the crack tip in order to quantify the slip irreversibility 
during a fatigue crack growth cycle.  A direct correlation between increasing slip irreversibility 
and increasing crack length was found in all four specimens. 
7.3  Future Work  
 Since DIC is a scale independent technique, the resolution of the results is dependent on 
the magnification of the images taken during the experiments.  When determining the crack 
closure using the two-point digital extensometers, using higher magnification images would 
provide results more sensitive to the crack opening.  When used in conjunction with a slower 
measurement cycle frequency to increase the number of loads recorded, these images would 
provide a method to pinpoint the exact load at which the crack opens.   
  A higher spatial resolution would also be beneficial when determining the strains at the 
fatigue crack tip.  The highest magnification used during this thesis was 6x, but magnifications 
up to 50x have been used with digital image correlation for determining strain fields (Carroll, 
Abuzaid et al. 2010).  At higher magnifications, the subset sizes can be on the order of 10 μm.  
56 
 
With subsets this small, the slip irreversibility inside individual grains in a polycrystalline 
aggregate could be measured.  When used in combination with EBSD results, the changes in slip 
irreversibility between grains as the fatigue crack propagates will be able to be determined.  
Greater accuracy in the measurement of crack tip slip irreversibility is beneficial when using one 
of the fatigue crack growth rate models discussed in Section 2.3.   
 One of the greatest strengths of the DIC technique is the ability to use it in a variety of 
settings.  The anisotropic regression analysis developed during this research can be utilized to 
characterize fatigue crack growth at high temperatures or in different environments, such as in 
vacuum.  If experiments were run in both air and vacuum at high temperatures, oxide-induced 
crack closure is able to be studied and measured using the anisotropic regression algorithm.   
 The techniques used during this study provided insight into the crack closure and slip 
irreversibility found during fatigue crack growth experiments in both isotropic and anisotropic 
materials.  By expanding the testing schedule and using some of the aforementioned suggestions, 
further insights into the effects of different testing conditions on fatigue crack growth can be 
made.  The analytical techniques developed in this thesis are not limited by the environment or 
testing temperature.   
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